High level of dissipation in normal metals makes challenging development of active and passive plasmonic devices. One possible solution to this problem is to use alternative materials. Graphene is a good candidate for plasmonics in near infrared (IR) region. In this paper we develop quantum theory of a graphene plasmon generator. We account for the first time quantum correlations and dissipation effects that allows describing such regimes of quantum plasmonic amplifier as surface plasmon emitting diode and surface plasmon amplifier by stimulated emission of radiation. Switching between these generation types is possible in situ with variance of graphene Fermi-level or gain transition frequency. We provide explicit expressions for dissipation and interaction constants through material parameters and find the generation spectrum and correlation function of second order which predicts laser statistics.
I. INTRODUCTION
The recent developments of plasmonics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] made possible the creation of plasmonic devices analogous to those in classical optics [11] . Theoretical and experimental studies of plasmonic lenses, mirrors, and cavities have been performed [12] [13] [14] [15] [16] [17] . Some important benefits of plasmonic devices over optical ones are their subwavelength focusing ability and high field intensity leading to strong field-matter interaction. Surface plasmons are important in the field of surface-enhanced spectroscopy. A high localization of plasmons increases sensitivity of the absorption spectroscopy to molecules located at the surface [18] [19] [20] [21] [22] . The latter effect also contributes to surface and tip enhancement of Raman scattering (SERS and TERS) [23] [24] [25] [26] which has made possible the detection of single molecules [27] and development of revolutionary diagnostic methods and promising bioanalysis applications in medicine and biology [28, 29] .
Plasmonics applications are limited by Ohmic losses in metal. The use of an active medium has been proposed recently for loss compensation [30, 31] and amplification [32] of surface plasmon-polaritons (SPPs) propagating along active nanostructures. The amplification can lead to SPP generation [33] [34] [35] [36] [37] . Further, it has been understood that a surface plasmon localized at a single nanoparticle can also be coherently generated by radiationless excitation by neighboring excited system [38] [39] [40] [41] [42] . The experimental realization of such a system, spaser, was reported by several groups [43] [44] [45] [46] [47] . In general, the difference between the SPP generator ("SPP laser") and spaser is vague, so that they are often identified [48] . On the other hand, these two devices can be considered as opposed limiting cases, respectively, of large SPP cavity with quasi continuous spectra and small (nanoscopic) system with discrete spectra. Beside a rich perspective in applications, plasmonic generators are interesting by themselves as pioneering devices of quantum plasmonics [49, 50] .
One of the most promising material for plasmonics is graphene [51] [52] [53] [54] [55] [56] . It is an extremely thin 2D material [57, 58] , which has high carrier mobility [59] . This material supports plasmons with small damping. Unique property of graphene is in situ control of electron Fermi level achievable not only by doping as in typical semiconductor, but with the use of a gate electrode [60] . That makes graphene the state-of-the-art material applicable from optical to THz region. The latter frequency region is of high interest for applications as it contains vibrational transitions of molecules. The use of graphene opens up opportunities to create highly sensitive compact THz devices. In near-IR graphene plasmons, the localization factor reaches higher values while losses are lower than in metal plasmons (that are typically in optic frequency range) [61] . In spite of the relatively low absorption in graphene, the loss limit of the plasmon mean free path is still a major obstacle for graphene plasmonics applications. Recently active graphene plasmonics has become rapidly developing [62] . In particular, graphene plasmon generators based on the use of a active medium have been proposed [63] [64] [65] .
However, the question about coherent properties of plasmons on graphene is opened. Semiclassical approximations which are usually used to investigate plasmon generation are hardly applicable for investigation of plasmon correlation function and spectrum because they do not take into account spontaneous transitions in active medium and quantum fluctuations. However these processes may break down signal coherence.
To solve this problem we use quantum master equation for field and active medium which takes into account all dissipation processes and quantum fluctuations. We account for the first time quantum correlations and dissipation effects that allows to describe such regimes of quantum plasmonic amplifier as surface plasmon emitting diode (SPED) and surface plasmon amplification by stimulated emission of radiation (SPASER). We show that switching between these generation types is possible with variance of graphene Fermi-level or gain transition frequency. We find the generation spectrum and correlation function of second order which predicts laser statistics.
II. MASTER EQUATION OF GRAPHENE NANOLASER DYNAMICS
In the present paper graphene quantum amplifier, see Fig. 1 , is consistently described. It is considered as an open quantum system. Below the graphene layer there is active medium (AM) layer with active molecules pumped incoherently. In Fig. 1 we schematically show the working two levels of the active molecule. Using quantum model we explore below how principal characteristics of the quantum amplifier develop with tuning of controlling parameters.
For simplicity we suppose that each particle or QD of active medium is multi-level system with "working" transition frequency ω am ∼ ω pump . Also we assume that active medium with frequency ω am interacts only with one mode of surface plasmon with the wavelength λ pl = 2πc/ω am . After second quantization procedure plasmon energy spectrum are harmonic oscillator Fock states |n , where n is number of excited plasmons.
If we focus on the working frequency then each active medium active atom can be effectively described by the two-level system with excited |e and ground |g states, 1 at room temperature. So the system dynamics in the Markovian approximation can be described by the Lindblad equation [66] :
Hereρ is the density matrix of the whole "plasmon + active medium" system which Hilbert space is the direct product of the plasmon and two-level atoms Hilbert spaces. The first term in the right-hand side of (1) describes hermitian Hamiltonian dynamics, whereĤ =
consists of three contributions: Hamiltonian of plasmon, two-level system and the interaction between them. Herê a andâ + are plasmon creation and annihilation operators, respectively,σ k = |g k e k | andσ
the transition operators of k-th two-level atom, Ω R is the Rabi constant of the interaction between plasmon and active medium, ω pl = 2πc/λ pl is the surface plasmon frequency. As we mentioned above during calculation we suppose ω pl = ω am . Second term is the Lindblad part corresponding to the plasmon damping with the rate γ pl . Third and fourth terms correspond to energy decay with the rate γ decay am and dephasing with the rate γ dephasing am (also known as longitudinal and transverse relaxations). Finally, last term is responsible for incoherent pumping of two-level atom with the rate γ pump am . Note that we neglect interaction between two-level particles. This may be justified when interaction between each atom and surface plasmon is much larger than interaction between atoms. If so, interaction between atoms results in energy dissipation and redifinition of pumping rates.
Suppose that there is no frequency mismatch between atomic dipole moments. This is true when all atoms occupy subwavelength volume or distance between them is of the order of plasmon wavelength. So all atoms may be considered as identical and it is possible to introduce collective atomic operatorĴ = kσ k ,Ĵ + = kσ + k , and J z = kσ z,k . With the aid of these operators and the assumption that all atoms are identical it is possible to rewrite Eq. (1) in the form
where the Lindbladian, L[Â,
The form of Eq. (2) [67, 68] . The value of the pumping rate is experimentally controllable parameter. Its maximal value strongly depends on the type of active medium. In Refs. [67, 68] it has been shown that the pumping rate γ pump am ∼ 10 13 s −1 corresponds to the current density ∼ 10kA/cm 2 which is nearly the maximal achievable value of current density today in semiconductors. For colloidal quantum dots and dye molecles which are pumped by external electromagnetic field corresponding field intensity is E 10 5 V /m [69] . We take in our model the value, γ pump am ∼ 10 13 s −1 , as maximum possible pumping rate . 
III. NUMERICAL ESTIMATION OF THE MAIN PARAMETERS, RABI CONSTANT (ΩR) AND PLASMON DECAY RATE (γ pl )
A.
Rabi constant ΩR
To calculate interaction constant between plasmon field and graphene we use standard relation
where d 12 is matrix element of dipole moment, E is the field amplitude. It can be determined from the Helmholtz 
and normalized through 1 8π
Note that 1 8π
In the structure under study, see Fig. 1 , the permittivity ε = ε (ω, z) essentially depends on coordinate. At z < 0 it is equal to the permittivity of the substrate, at z = 0 it is equal to the surface permittivity of graphene: ε = δ (z) 4πiσ/ω, where δ (z) is the Dirac delta function and σ is the graphene surface conductivity; at z > 0 the permittivity is equal to unity. Finally we have
where ε D is permittivity of the dielectric substrate, A is the area of graphene nanoflake, E t is the tangential component of electric field, subscript g denotes the value at z = 0 on graphene layer.
Let κ and κ D are the imaginary parts of the normal components of surface plasmon wave vectors in vacuum and dielectric correspondingly. So κ 2 = k 2 − k 
Finally, let us note the relation between the tangential and normal electric field components: kE t + iκE n = 0 in vacuum and kE t + iκ D E n = 0 in dielectric. Along with the relation
Using this equation and relation (5) we transform (3) into
where we take into account that A = (λ/2) 2 = (π/kω pl ) 2 to satisfy resonant condition. Conductivity for graphene layer may be expressed as [70, 71] :
So from (10) and (11) we obtain the dependence of Rabi constant on the plasmon frequency and Fermi energy, see Fig. 2 .
B. Plasmon decay rate γ pl
The plasmonic mode relaxation rate due to Joule losses is introduced as [72, 73] 
Using the relations (5) and (6) and taking into account that ε = δ (z) 4πσ /ω we obtain
So, we have found the dependence of Rabi constant of interaction between plasmon field and active medium, and plasmon relaxation rate as function of λ pl and E F .
IV. TRANSITION FROM ENHANCED SPONTANEOUS EMISSION TO LASING
Now we investigate the generation of surface plasmon and its coherent properties using parameters determined in the previous section. First we should note that all the equations derived above are applicable when the Fermi level is in the range ∼ 0.1−1 eV and plasmon wavelength ∼ 1−10 µm: otherwise we should take into account intraband transitions in graphene stimulated pumping. Doing numerical calculation we see that the Rabi constant and the damping rate have qualitatively the same behavior: they decrease as the functions of E F and λ pl , see Fig. 2 . Now we will investigate the graphene nanolaser dynamics. For this we solve master equation (1) changing parameters γ pl and Ω R .
Sometimes it is a difficult question how to distinguish lasing from highly coherent fluorescence. There are several important observables describing the transition to lasing behavior [74] [75] [76] [77] . The first one is the dependence of the plasmon number N pl = â +â = Tr (ρâ +â ) on the pumping rate γ pump am in double logarithmic scale. "S" shape of such curve indicates the first lasing threshold. (There are in fact threshholdless lasers with no pronounced lower threshold [39, 78, 79] .) The second characteristic is the dependence of the second order correlation function, g (2) (0) = â +â+ââ / â +â 2 . When g (2) (0) = 1 we have Poisson photon statistics; usually in lasing systems this case corresponds to coherent photon state. If g (2) (0) > 1 then the photon state is "incoherent" and statistics is super-Poisson. If g (2) (0) < 1 then statistics is sub-Poison.
One more characteristics which we will use is spectrum of the generated plasmon, namely, S(ω) = Re
Narrowing of the spectral line may be interpreted as increasing of coherence. The value of pumping rate corresponding to narrowing of the spectral line width we refer to as the second threshold.
Doing numerical calculations we assume that the number of two-level particles of active medium which interact with plasmonic mode is N = 20. This is so because the characteristic length of the graphene sheet ∼ 1µm and the size of usual mid-IR quantum dots is about ∼ 20nm and distance between them is the same order.
There are three different regimes. The first one corresponds to the high plasmon wavelength, namely, 5 µm < λ pl . The second regime corresponds to 3 µm < λ pl < 5µm. In the third case we have λ pl < 3 µm.
In the first regime, see Fig. 3 , we have thresholdless behavior of the plasmon number on pumping, whereas the g (2) (0) does not approach the unity. At the same time, line narrowing is not pronounced. In this case we have enhanced spontaneous excitation of surface plasmon rather then stimulated emission of them. Device based on noncoherent generation of surface plasmons may be named as surface plasmon emitting diode [80] in analogous with light emitting diode in optical case.
At second stage, see Fig. 4 , we obtain thresholdless behavior of the plasmon number which indicates that there is relatively large number of plasmons excited by spontaneous transitions in active medium. So the dependence of the plasmon number on pumping does not indicate any coherence. However, other characteristics exhibit coherence explicitly: g (2) (0) tends to unity and spectral line strongly narrows at the same time. These characteristics indicate the possibility of generation of coherent plasmons. So, in this case we have SPASER -surface plasmon generator by stimulated emission of radiation.
Third regime, see Fig. 5 , is very similar to the previous one: g (2) (0) tends to unity. However, line narrowing demonstrates one interesting feature. At moderate values of pumping we have doublet structure with two narrow lines. This happens due to high value of Rabi frequency at low value of surface plasmon wavelength. We name this regime as SPASER with Rabi spliting.
In Fig. 6 we summarize the main results. So, we consider three different regimes: SPED (surface plasmon emitting diode), when there is high value of spontaneous emission, SPASER (surface plasmon amplification by stimulated emission of radiation) regime, at which there is possible to obtain coherence at realistic pump rates and SPASER with Rabi splitting which is characterized by two narrow line of spectrum.
Note that for each plasmon wavelength it is necessary to use appropriate active medium with suitable transition frequency between working levels. Good candidates for this purpose are various types of quantum dots. For example, for SPASER and SPASER Rabi splitting regime PbSe [81, 82] and HgTe colloidal quantum dots [83, 84] as well as Cr 2+ dopped ZnS, ZnSe, CdSe [85] , Fe
2+
dopped ZnSe, CdMnTe [85] , SiGe quantum dots [86] , InGaAs/GaAs quantum box structure [87] and transitionmetal-doped nanocrystalline quantum dots [88] may be used. For SPED regime HgTe colloidal quantum dots and transition-metal-doped nanocrystalline quantum dots (QD) is also appropriate. We summarize these data in Table 1 .
V. CONCLUSIONS
In conclusion, we have shown doing self-consistent quantum calculations that graphene is the promising material for applications in state-of-the-art active and passive plasmonic devices that allow in situ tuning of parameters. High graphene conductivity dependence on Fermi- InGaAs/GaAs quantum box structure [87] level and frequency allows switching between such generation types such as SPED and SPASER (surface plasmon amplification by stimulated emission of radiation).
Corresponding generation spectrum and the second order correlation function which predicts laser statistics have been calculated. We provide explicit expressions for interaction and dissipation parameters through material constants and geometry.
